By using the generalized variational principle and Riccati technique, a new oscillation criterion is established for second-order quasilinear differential equation with an oscillatory forcing term, which improves and generalizes some of new results in the literature.
Introduction
In this paper, we are concerned with oscillation for the second order forced quasilinear differential equation
p t y t α−1 y t q t y t β−1 y t e t , t ≥ t
where p, q, e ∈ C t 0 , ∞ , Ê with p t > 0 and 0 < α ≤ β being constants.
By a solution of 1.1 , we mean a function y t ∈ C 1 T y , ∞ , Ê , where T y ≥ t 0 depends on the particular solution, which has the property p t |y t | α−1 y t ∈ C 1 T y , ∞ and satisfies 1.1 . We restrict our attention to the nontrivial solutions y t of 1.1 only, that is, to solutions y t such that sup{|y t | : t ≥ T} > 0 for all T ≥ T y . A nontrivial solution of 1.1 is called oscillatory if it has arbitrarily large zeros, otherwise, it is said to be nonoscillatory. Equation 1.1 is said to be oscillatory if all its nontrivial solutions are oscillatory.
We note that when 0 < α β, This result involves the "oscillatory interval" of e t and Leighton's variational principle for 1.6 . Recently, using a similar method, Wong's result was extended to 1.2 by Li and Cheng 1 with a positive and nondecreasing function φ ∈ C 1 t 0 , ∞ , Ê .
Theorem 1.2. Suppose that, for any
T ≥ t 0 , there exist T ≤ s 1 < t 1 ≤ s 2 < t 2 such that e t ≤ 0 for t ∈ s 1 , t 1 and e t ≥ 0 for t ∈ s 2 , t 2 . Let D s i , t i {u ∈ C 1 s i , t i : u t / ≡ 0, u s i u t i 0} for i 1, 2
. If there exist H ∈ D s i , t i and a positive, nondecreasing function
However, inequality 1.8 has no relation to the α 1 -degree functional 1.5 , and Theorem 1.2 cannot be applied to oscillation when α > 1, since |H t | α−1 is the denominator of the fraction in the right-side integral of 1.8 , and H s i H t i 0. Zheng and Meng 4 improved the paper 1 and gave an oscillation criterion without any restriction on the signs of q, e, and φ , which is closely related to the α 1 -degree functional 1.5 . Here we list the main result of Zheng and Meng Jaros et al. 6 obtained a similar result using the generalized Pocone's formulae with φ t ≡ 1 .
Theorem 1.3. Suppose that, for any
for i 1, 2, then 1.1 is oscillatory, where Q e t is the same as 2.4 .
Meanwhile, among the oscillation criteria, Komkov 13 gave a generalized Leighton's variational principle, which also can be applied to oscillation for linear equation. As far as we know, there is no oscillation criterion which relates to the generalized Leighton's variational principle for 1.1 . The question then arises as to whether a more general result can be established to this equation. In this paper, we give an affirmative answer for this question and give a new oscillation criterion for the quasilinear differential equation 1.1 ; this oscillation criterion is closely related to the generalized Leighton's variational principle, which generalizes and improves the results mention above.
Main Results
Firstly, we give an inequality, which is a transformation of Young's inequality.
Lemma 2.1 see 14 .
Supposing that X and Y are nonnegative, then
where equality holds if and only if X Y .
Now, we will give our main results.
Theorem 2.2. Assume that, for any
T ≥ t 0 , there exist T ≤ s 1 < t 1 ≤ s 2 < t 2 such that e t ⎧ ⎨ ⎩ ≤ 0, t ∈ s 1 , t 1 , ≥ 0, t ∈ s 2 , t 2 .
2.2
Let Proof. Suppose on the contrary that there is a nontrivial nonoscillatory solution. We assume that y t > 0 on T 0 , ∞ for some T 0 ≥ t 0 . Set 
2.9
Let X α p t φ t 
2.13
The conclusion is still true for this case.
Now we give an example to illustrate the efficiency of our result. 
